We give analytical and numerical solutions for the zero modes of the Dirac operator in topological SU(2) gauge backgrounds at nonzero chemical potential. Continuation from imaginary to real chemical potential is used to systematically derive analytical zero modes for calorons at arbitrary holonomy and, in particular limits, for instantons and dyons (magnetic monopoles). For the latter a spherical ansatz is explored as well. All the zero mode exhibit stronger peaks at the core and negative regions in their densities. We discuss the structure of the corresponding overlap matrix elements. For discretized calorons on the lattice we consider the staggered operator and show that it does possess (quartet quasi-)zero modes, whose eigenmodes agree very well with the continuum profiles, also for nonzero chemical potential.
I. INTRODUCTION
The thermodynamics of Quantum Chromodynamics (QCD) has attracted a lot of attention in recent years, both experimentally and theoretically. While at high temperature the transition to a phase of deconfined gluons and quarks obeying chiral symmetry is rather well understood, the exploration of a finite quark density is still immature. Theoretical progress in this part of the QCD phase diagram has mainly been hindered by the failure of the most powerful nonperturbative method from first principals, lattice gauge theory. At finite chemical potential the Dirac operator is not purely antihermitian and its complex determinant prevents an interpretation as a probability weight. This is the famous sign-problem. Ways to proceed include reweighting and expansion techniques on the lattice, complex Langevin dynamics, and studies of finite density in diagrammatic and related approaches and approximations to QCD or similar theories such as random matrix theory, for reviews see e.g. [1, 2] .
Here we investigate the semiclassical approach to QCD, which is based on solutions of the Euclidean YangMills equations. At zero temperature these are the celebrated instantons [3] , localized lumps of action density characterized by an integer topological charge. At finite temperature, the corresponding solutions are called calorons [4] . Calorons have been found to be governed by an additional parameter, the holonomy, and consist of constituent dyons (magnetic monopoles, see below) [5, 6] . Individual dyons constitute static solutions at finite temperature. All these configurations are selfdual or antiselfdual and thus minima of the Yang-Mills action in the given topological sector.
The semiclassical theory of instantons and calorons with trivial holonomy has been studied at zero and finite temperature [7] [8] [9] [10] [11] as well as nonzero chemical potential [12] [13] [14] [15] [16] (see [17] for a review). The corresponding mechanism of chiral symmetry breaking is rather robust: exact fermionic zero modes become low-lying modes and thus generate a nonzero density of states at zero Dirac eigenvalue, which via the Banks-Casher relation is linked to the chiral condensate. Confinement, on the other hand, could not be obtained from instantons nor calorons of trivial holonomy. This changes drastically for calorons at non-trivial holonomy, as has first been shown semianalytically in [18] . The lesson is that the holonomy plays an important role with the confinement mechanism becoming close to the old Dual superconductor picture. Promising results in this context are the possibility to show confinement analytically from the moduli space metric of dyons [19] and even from a non-interacting gas of dyons [20] . Although the interactions between calorons or dyons are not fully worked out, there are more hints on confinement, namely from the quantum weight [21] , the detection of calorons in lattice quantum configurations [22] [23] [24] and the vortex content of calorons [25] . In the high temperature phase either dyons of particular kinds are suppressed [26, 27] or dyons form molecules due to their fermionic interactions [28] .
Instantons, calorons and dyons also share the support for fermionic zero modes, which are present due to the index theorems [29] [30] [31] [32] . These modes localize to the background as can be seen from the existing explicit solutions [33] [34] [35] . Generalizations of the index theorem to nonzero chemical potentials have been discussed in [36, 37] . Our results confirm these as far as instantons/calorons of unit charge and dyons of fractional charge are concerned. For the semiclassical approach at finite density it is necessary to know the zero eigenmodes, both for the formation of the condensate and the fermionic interaction of the objects.
In this paper we present analytical and numerical results for SU (2) zero modes at nonzero chemical potential. We show that the analytic continuation from imaginary chemical potential provides exactly the particular (bi-) orthonormalization necessary for the eigenmodes at real chemical potential. Together with the results from the ADHM-Nahm formalism [38, 39] we systematically obtain the zero modes in caloron backgrounds at arbitrary holonomy and chemical potential. In particular limits we confirm the zero modes of trivial holonomy calorons and instantons known in the literature [40] [41] [42] as well as for dyons, in which case we show that the spherically symmetric ansatz [28, 33] works. The typical features of these modes are stronger peaks at and oscillations away from the core, with the period of oscillation ∝ 1/µ, cf. Fig. 1 . This will have a wash-out effect in the fermionic interactions of these objects, which we briefly discuss.
We also present numerical results for calorons discretized on the lattice utilizing the staggered Dirac operator. Although the latter has four tastes and no exact zero modes of definite chirality, we identify modes smaller than the rest of the spectrum by several orders of magnitude. These quasi-zero modes persist at nonzero chemical potential, too. Taking the taste quartets together, the profiles agree very well with the profiles of the continuum zero modes. This paper is organized as follows: In the next section we discuss properties of the Dirac operator and its eigenmodes at nonzero chemical potential. After that in Sec. III we perform the analytic continuation from imaginary to real chemical potential. Sec. IV contains the corresponding analytic results for zero modes in dyon, caloron and instanton backgrounds. Sec. V is devoted to the lattice results for the staggered eigenmodes. Sec. VI gives first results for the overlap matrix elements of dyon zero modes. We summarize our findings in Sec. VII.
II. DIRAC OPERATOR WITH CHEMICAL POTENTIAL
In the continuum Dirac operator the chemical potential is added to the covariant derivative
(for our lattice Dirac operator see Sec. V B). We will always focus on the massless case and analyse eigenmodes 2) in particular zero modes, λ 0 = 0 (arguments will be neglected whenever convenient).
At finite temperature T = 1/β, physical modes are antiperiodic in the temporal direction
but we will also consider modes periodic up to a phase.
A. Symmetries
Since the Dirac operator is chiral at arbitrary chemical potential, { / D(µ), γ 5 } = 0, its eigenvalues always come in pairs ±λ.
While the Dirac operator at vanishing µ is antihermitian with its eigenvalues purely imaginary, this important property is lost for real µ. However, for the hermitian conjugate operator the following relation holds,
(for complex µ's replace −µ by −µ * ). For gauge group SU(2), due to the pseudoreal nature of this group, the Dirac operator with (real) chemical potential obeys an anti-unitary symmetry
where W is unitary and µ-independent 1 with W * W = 1. In Random matrix theory this symmetry qualifies i / D(0) as belonging to the universality class of the Gaussian orthogonal ensemble. Moreover, in a particular basis i / D(0) is real symmetric with real eigenmodes (see below; for the different anti-unitary symmetry of our lattice Dirac operator see Sec. V B). In the next subsection, we will use this symmetry to show that the SU(2) zero modes have real densities.
For operators without definite hermiticity one has to distinguish eigenvalues with corresponding left and right eigenmodes from singular values as will be discussed in the next subsections.
B. Left and right eigenmodes
The right eigenmodes of the Dirac operator are given through Eq. (2.2), whereas the left eigenmodes are defined analogously
For our specific case, the left eigenmodes are related to the right eigenmodes at opposite µ
(which follows from the hermitian conjugate of Eq. (2.2) and the property (2.4)). Thus, one may replace one by the other. From the difference of the scalars product of χ † m (µ) with (2.2) and of (2.6) with ψ n (µ) one immediately concludes that right and left eigenvalues agree and that left and right eigenmodes are orthogonal. Defining the (pseudo-)density
where the index a stands for both color and spin, the x-integral over ρ mn is
Such a basis is called bi-orthonormal. At vanishing chemical potential this of course reduces to the orthonormal basis of eigenmodes of the purely antihermitian Dirac operator.
Note that for µ = 0 the densities ρ mm (x) of individual eigenvalues need not be real everywhere in space-time, although their integral is positive.
Densities of SU(2) zero modes can be made real thanks to the symmetry (2.5). For this gauge group i / D(µ) can be transformed to S + µA with real symmetric S and real antisymmetric A [43] . For a real matrix the zero modes can be chosen real (as the complex conjugate of a zero mode is a zero mode again). Hence the density ρ 00 (x) is real in this and every other basis (as this fermion bilinear is an invariant). How the densities come out real in an arbitrary basis is shown in App. A. Still, negative densities can, and will, occur.
C. Singular value decomposition
Arbitrary matrices can be written in a singular value decomposition, for the Dirac operator
where U and V are unitary transformations and the entries ξ n -which are non-negative -are called singular . Zero singular and eigenvalues, however, constitute an exception as the zero modes are identical, v 0 = ψ 0 and u 0 = χ 0 2 . Thus, in order to determine zero modes of the Dirac operator, both the eigenvalue and the singular value method can be used.
At the fundamental level, the singular value decomposition is slightly more powerful, as it always exists and its complete and orthonormal basis can be used to decompose the fermion fields in the path integral. Eigenmodes, on the other hand, do not always provide a complete basis. The simplest example for a matrix of this kind is    0 1 0 0   , a 4 × 4 example is discussed in [37] . Finite µ Dirac operators with this property occur in principle, but the corresponding configurations are non-generic.
D. Index theorem
We start by recalling the case of vanishing µ. In a chiral basis the Dirac operator can be written as
Then γ 5 = diag(1 2 , −1 2 ) and left and right handed zero modes consist only of lower and upper components, respectively. Let us denote their numbers by n L,R = dim ker D L,R and specialize to positive topological charge Q for simplicity. The index theorem reads n R − n L = Q. It is fulfilled by generic configurations through possessing Q right handed, but no left handed zero modes.
With nonzero chemical potential the index theorem has been discussed in Refs. [36, 37] . It now also incorporates the hermitean conjugates of D L,R , for which the relation (2.4) implies
A straightforward generalization of the index theorem to real chemical potential has been obtained in [36] 
where we have trivially added the index theorem at opposite µ. The more appropriate index theorem claimed in [37] (Eq. (D.3)) -derived via the singular value decomposition -translates via (2.12) into
The two index theorems agree for almost all configurations [37] . Our background configurations obey both index theorems in the generic way by possessing one right handed, but no left handed zero mode. Due to the latter, they are not sensitive to the difference of the two index theorems.
III. ANALYTIC CONTINUATION IN THE CHEMICAL POTENTIAL
In this section we will demonstrate that eigenmodes at imaginary chemical potential can be analytically continued to yield eigenmodes at real chemical potential obeying the correct bi-orthonormalization.
Let us consider the operator
which is nothing but the Dirac operator with an imaginary chemical potential −iφT . The minus sign in the argument on the right is for later convenience. At real ϕ the operator / D is purely anti-hermitean, thus in its eigenequation the eigenvalues are purely imaginary and the eigenmodes are orthonormal in the conventional sense, i.e. the densities
are non-negative at every space-time point x and integrate to
Now we analytically continueφ to imaginary values iµ/T assuming this is possible continuously. The Dirac operator becomes that at real chemical potential,
cf. Eq. (3.1). Then, analytically continuing the eigenequation, the ψ n (x; iµ/T ) obey the eigenequation of / D(µ) and are thus candidates for eigenmodes,
That these modes are indeed eigenmodes, all that needs to be checked is their bi-orthonormalization. For that we carefully perform the analytic continuation in the densities
valid for all x (suppressed). The opposite µ-arguments of the two factors 3 are exactly what is needed to match the pseudo-density ρ mn (µ) at real chemical potential, cf. Eq. (2.8). Then the desired bi-orthonormalization of it, Eq. (2.9), is inherited from the analytic continuation of the conventional orthonormalization (3.3) of eigenmodes of the purely antihermitian operator / D . Moreover, we have started with eigenmodes ψ being antiperiodic in x 0 and so are their analytic continuations; actually all kinds of boundary conditons are continued to the eigenmodes at real chemical potential. Hence, the modes ψ n (φ) analytically continued toφ = iµ/T are indeed the eigenmodes at real chemical potential, i.e. Eq. (3.5) does hold. This continuation applies to all spin and color components of the eigenmodes and, of course, also to the eigenvalues, i.e. λ n (iµ/T ) = λ n (µ).
The dimensionless parameterφ in Eq. (3.1) can be interpreted as a constant trace part of the gauge field and can also be transfered to the temporal boundary condition definingψ n (x;φ) = e iφt/β ψ n (x;φ) (3.7) which are eigenmodes of the Dirac operator at vanishing chemical potential, but periodic up to a phaseφ (on top of the antiperiodicity)
where we have also defined the total phase ϕ for later use. The pseudo-densities of these mode still agree with those of the original eigenmodes,ρ = ρ . 3 In going from the first to the second line in (3.6) we have used that ψ is a smooth function in realφ with Taylor expansion ψ (φ) = n cnφ n and its complex conjugate reads ψ * (φ) = n c * nφ n . For the analytic continuation of the latter we plug in an imaginaryφ, ψ * (φ)|φ =iµ/T = n c * n (iµ/T ) n , which agrees with the complex conjugate of ψ (−iµ/T ).
In particular, knowing the zero modes in an analytic fashion for (small) imaginary chemical potentials, one immediately gets the zero modes of the desired Dirac operator at real chemical potential. In Sec. IV C we will make use of this analytic continuation, since in caloron backgrounds (and limits thereof) the zero modes are known analytically for whole intervals of imaginary chemical potentials/boundary conditions.
IV. ANALYSIS OF ZERO MODES IN SPECIFIC TOPOLOGICAL BACKGROUNDS
A. Single dyon zero mode
Here we discuss the solution of the zero mode on a single dyon for arbitrary boundary condition and with arbitrary chemical potential µ. By dyon we mean a magnetic monopole obeying the BPS condition, which in a 3+1-dimensional language amounts to possessing an (Euclidean) electric charge of same magnitude 4 . The derivation of the zero mode makes use of the spherical symmetry and closely follows [28, 33] .
We work in the BPS limit and in a hedgehog gauge. The (anti)self-duality equations for the gauge fields are solved for by (see e.g. [45] )
withr = x/r being the unit vector in the radial direction and A µ = A a µ τ a 2 with τ a the Pauli matrices. The upper sign refers to the selfdual and the lower to the antiselfdual field equations 5 , and v is the asymptotic value of
playing the role of a "Higgs" vacuum expectation value. For simplicity we will take v > 0. The vev also enters the action and topological charge of the dyon, which we define in the four-dimensional language:
4 It was argued in [44] that the term "dyon" is not entirely appropriate for these objects. They suggest that the term "monopoleinstanton" is more accurate. Nevertheless we will use the term dyon in this work to mean the constituent of a finite temperature instanton, see below. 5 We define selfduality as Fµν = µνρσ Fνσ/2, where µ, ν, ρ, σ = 0, . . . , 3. From 0123 = 1 this yields, e.g. F 01 = F 23 . Note that self-duality equations with µ, ν, ρ, σ = 1, . . . , 4 and 1234 = 1 yield
We restrict ourselves to v ≤ 2πT , such that Q ∈ [0, 1]. For the zero modes we make the usual radial ansatz for Dirac spinors (see [28, 33, 46] )
where A is the color index and α the spin index, and = iτ 2 is a completely antisymmetric rank-2 tensor. Obviously these functions are periodic up to a phase e −iϕ , cf. (3.8). We stress that the gauge background is aso far -t-independent embedding of a three-dimensional dyon into S 1 × R 3 . The Dirac equation (2.1) for left and right-handed spinors is
Here
and we get the following equations for the functions α 1,2 (r)
where the upper sign is to be taken for the left, and the lower for the right handed spinor component. One can see once more that the boundary phase ϕ is equivalent to an imaginary chemical potential iϕT . In the following we will therefore use
To discuss the normalizability of solutions, let us specialize to ϕ = 0 for the moment. While A decays for large distances, H approaches v for self-dual and −v for anti-self-dual dyons, respectively, see Eq. (4.1b). In the asymptotic linear system of differential equations (4.6) the chemical potential gives rise to trigonometric functions. The H-term leads to exponential functions and thus determines, whether the solutions are normalizable. For the latter the equations must read dα . (r)/dr + vα . /2 + . . . = 0. Hence a normalizable solution for the left and right spinor exists if the background field is self-dual or anti-self-dual, respectively, and the solutions behave like e −vr/2 asymptotically. The full equations are solved by [28] In these formulae, the boundary condition ϕ has been reintroduced, as the imaginary part of µ ϕ , cf. (4.7). It leads to exponential parts e ϕT r , which compete with the exponential decay e −vr/2 . Consequently, the solution is normalizable only if ϕ ∈ (−v/2T, v/2T ), i.e. around periodic boundary conditions. Later we will consider modifications leading to antiperiodic zero modes.
Since we are interested in the dependence on µ we will set again ϕ = 0 in what follows, i.e. analyze periodic zero modes.
As we discussed in Sec. II B, the relevant density of these modes is given by ψ † 0 (−µ)ψ 0 (µ) = ρ 00 (µ),
The normalization in the sense of d 4 x ρ 00 = 1, cf. Eq. (2.9), fixes the constant
(4.10)
From Eq. (4.9) one can already see the possibility for this density to become negative, through α 2 . Consistently, at vanishing µ the (µ-odd) function α 2 vanishes, and the density is positive definite. Profiles of periodic zero modes for several values of the chemical potential are plotted in Fig. 2 .
The solutions clearly have an exponential envelope, of the asymptotic shape e −vr/2 / √ r, see Fig. 3 . For the prefactor in the envelope one has to consider |χ 1 | 2 −|χ 2 | 2 . For large vr one can set tanh(vr/2) = 1 = coth(vr/2) up to exponentially small corrections and get The factor in the parenthesis bounds this term and from Eqs. (4.8, 4.10) we get
again up to exponential corrections in vr. This envelope has been included in Fig. 3 . Another property of the zero mode is that its value at the dyon core grows with the chemical potential, which can also be seen in the examples of Fig. 2 . Taking the limit r → 0 in the solution Eq. (4.8) it is easy to see that
Probably the most characteristic feature of the zero mode density are its negative regions. For any nonzero chemical potential there are infinitely many negative regions (recall that the far away regions have exponentially small densities though), separated by infinitely many zeroes. This is very obvious in a logarithmic plot like Fig. 3 .
For µ v we can find these zeros explicitly by demanding that Eq. (4.11) vanishes
where we expanded δ(µ/v) for small µ. For large µ we expect the first zero to be small, i.e. rv 1, and get from Eq. (4.8) that
2 ) cos(2µr) + 4µr sin(2µr) (rv) 2 (4.16) which has a zero for r 0 µ = 2.04279. Fig. 4 shows the numerical solution of the first zero, as well as the limits of µ/v 1 and µ/v 1. Finally, we discuss the possibility of zero modes with physical, i.e. antiperiodic, boundary conditions. The static dyon discussed so far has normalizable zero modes for near periodic boundary phases, namely
There is another embedding of the dyon into S 1 × R 3 , that will play a role in the caloron solutions as well (as the complementary constituent dyon). To see how it arises note that the solution Eq. (4.8) has the topological charge Q = v/(2πT ), which is fractional for v/T ∈ [0, 2π]. In order to get a solution which complements the topological charge, we should replace the parameter v →v = 2πT −v and obtain a topological chargeQ = 1−Q. However, this change of parameters alone is not sufficient to match the two configurations. For 3 + 1-dimensional configurations it is useful to define the asymptotic Polyakov loop, also named holonomy,
with P denoting path ordering along x 0 . The starting configuration with gauge fields given by Eq. (4.1) has
whereas the Polyakov loop of the new solution would bē Therefore, consider the gauge transformation
In the gauge of the caloron, which combs the field A 0 to the It is antiperiodic, Ω(β, x) = −1 = −Ω(0, x). As the gauge fields transform in the adjoint representation, they remain periodic. Hence, the dyon gauge field of (4.1) with the replacement v →v transformed with Ω is a valid configuration on S 1 ×R 3 . The gauge transformation does not alter its action and topological charge, so they are still proportional tov (cf. (4.3), both are gauge invariant), and thus also inherits (anti)selfduality; its gauge fields are just not static anymore. However, Ω does affect the Polyakov loop asP ∞ → −P ∞ = P ∞ . This means that the static dyon solution Eq. (4.1) and the dyon solution with v →v = 2πT − v and the gauge twist of Eq. (4.21) both have the same asymptotic Polyakov loop P ∞ and complementary topological charges Q,Q = 1 − Q respectively.
In calorons of integer topological charges, these dyon solutions occur together (see below) and are sometimes refered to as "light" and "heavy" dyon. The reason for this nomenclature is because the Polyakov loop branch in full QCD, i.e. when fermions are dynamical, interpolates between unity and (near) zero from high to low temperatures. This would correspond to the parameter v in the range v ∈ [0, πT ]. In this range the untwisted dyon (i.e. the one without the gauge transformation Eq. (4.21)) has the action and the topological charge proportional to v and the one with the gauge twist has the same proportional tov. Since in this rangev ≤ v the dyons untwisted and twisted dyons are referred to as "light" and "heavy".
Finally, we note that the fundamental fermions feel the gauge transformation of Eq. (4.21), they obtain an additional factor of −1 in their periodicity property. Consequently, the parameter ϕ used in the ansatz Eq. (4.4) is not the boundary phase as defined in Eq. (4.21). Rather, we should replace ϕ → ϕ − π = −φ in this ansatz. With the additional replacement v →v it follows that these zero modes on top of the twisted dyons are normalizable forφ
which is the complementary range of the static dyons, Eq. (4.17). For the chemical potential the replacement reads µ ϕ → µ −φ = µ − iφT . Antiperiodic fermions are included asφ = 0 with µ remaining the same.
B. Calorons and instantons
In this section we will demonstrate that zero modes at imaginary chemical potential are included naturally in the ADHM-Nahm formalism [38, 39, 47] , so that they third color direction, the associated gauge transform is Ω = exp(iπτ 3 t/β). For higher gauge group such gauge transformations need to obey Ω(t = β) = z Ω(t = 0), where z is an element of the center of the gauge group.
are available -at least in principle -for all selfdual solutions of four-dimensional Yang-Mills theory. After analytic continuation one thus obtains zero modes at real chemical potential. We will demonstrate this explicitly for SU(2) calorons and then in particular limits recover the zero modes of dyons from the previous section and of calorons and instantons from the literature.
1. Calorons, especially in SU (2) Calorons are (anti-
The two extreme cases ω = 0, ω = 1/2 amount to 'trivial holonomy' P ∞ = ±1 2 , while the middle ω = 1/4 with tr P ∞ = 0 is refered to as 'maximally nontrivial holonomy'. From the corresponding asymptotics of the Polyakov loop, Eq. (4.19), one can read off the connection to the (dimensionful) "Higgs vev" of Eq. (4.2),
As a new aspect in comparison to zero temperature instantons (which can be thought of as coming from dimensional reduction and symmetry breaking by P ∞ ), calorons in gauge group SU (N c ) with topological charge Q consist of N c |Q| constituent dyons. These appear as lumps of topological density with fractional topological charges given by the holonomy. In SU (2) the topological charges are 2ω (indeed, the identification above yields the monopole topological charge of Eq. (4.3)) and the complementary 1 − 2ω ≡ 2ω. We will refer to the dyon with the higher topological charge as the "heavy dyon" and to the other as the "light dyon". The positions of them are moduli of the solution.
The explicit gauge field of SU (2) calorons have first been given in [5, 6] (for multi-calorons see [48] ). We follow the ADHM inspired formalism of [5] , reinstating the temperature T . The distance to the dyon of masses ω and ω will be denoted by r and s, respectively, and the distance between the dyons by d = πρ 2 /β. In the limit of ρ → ∞ a single dyon will be recovered.
Note also, that the calorons in these references come in a particular gauge with two aspects. The first one, refered to as algebraic gauge, means that gauge fields are periodic up to the holonomy and A 0 → 0 far away from all the dyons. In other words, the holonomy P ∞ has been put into the twisted periodicity conditions. This is useful since such asymptotics simplify the superposition of dyons within the caloron and also the approximate superposition of dyons and antidyons in ensembles. The gauge transformation back to periodic gauge is given by (P ∞ ) −t/β , which is non-periodic. Secondly, the caloron is in a quasi-stringy gauge. For magnetic monopoles/dyons it is well-known that when one tries to "comb" the Higgs field A 0 to asymptotically approach a constant color direction, a singularity along a Dirac string appears. This is so because the winding of A 0 , which equals the magnetic charge and is apparent in the hedgehog gauge, constitutes a topological obstruction against such a stringy gauge. In the caloron solutions, A 0 is proportional to τ 3 almost everywhere; the corresponding winding caused by each dyon is performed in an exponentially small solid angle around the line connecting the dyons [25] , cf. Eq. (4.45) below. This quasi-stringy gauge leads to large gradients along this line, but no singularities (apart from the caloron's center of mass, see Sec. IV D 3 and Sec. V).
C. Profiles of caloron zero modes
The fermionic zero mode of the caloron (at µ = 0) hops between the constituent dyons as a function of the periodicity angle. This has first been demonstrated in [34] and is in accordance with the discussion about dyon zero modes in Sec. IV A: for near periodic zero modes the static dyon supports the zero mode, whereas for the complementary range of boundary conditions around antiperiodic the complementary time-dependent dyon supports the zero mode. Index theorems on S 1 × R 3 can be found in [30] [31] [32] . This scenario will remain with real chemical potentials. The explicit formulas for the zero modes are included in the ADHM formalism and are given by the ADHM Greens functionf (see below). We will analytically continue them to obtain zero modes at real chemical potential.
In [34, 35] explicit expressions for the zero mode with periodicity up to a phase and the holonomy (stemming from the algebraic gauge)
were given (the dual variable to z comes with 1/T since it has inverse length dimension). Gauging away P ∞ and comparing to (3.8) we identify 2πz/T = ϕ, thus the zero mode with phase boundary conditions readš
The zero mode at imaginary chemical potential follows by virtue of (3.7)
Finally, the zero mode at real chemical potential follows through analytic continuation, i.e. the replacementφ = iµ/T ,
which is the antiperiodic mode. Altogether, the results from [34, 35] have to be taken at a complex z = T /2 − iµ/2π and multiplied by a real factor and color phases from P ∞ = exp(2πiωτ 3 ). We obtain
with the following auxiliary functions
We repeat that r and s are the distances of x to the dyon centers and d is the distance between the dyons. The caloron gauge field is given in terms of these functions, too [5] . The Greens function at the arguments needed simplifies tô
−πitT e 2πiωtT e −µt πT (rsψ) −1 e 2πitT sinh(πrT − 2πrωT − iµr)s + cosh(πrT − 2πrωT + iµr)rs s + sinh(πrT − 2πrωT + iµr) sc s + ds s (4.31)
The last relation reflects the anti-unitary symmetry (2.5) of SU(2) and has also been used (at µ = 0) in [34] to relate the components of the zero mode. For the density a simpler formula applies
with the Greens function
The reader will note that the functionf (z, z ) given above is not the full function for arbitrary arguments z, z . The full function can be found in the original papers by Kraan and van Baal [5] , we have given only the relevant part for our discussion valid for z/T, z /T ∈ [ω, 1 − ω].
The resulting zero mode densities are shown in Fig. 5 , where we also compare with the single dyon zero mode discussed previously. Again these densities have negative regions. Note an interesting effect that even for fairly large values of the size parameter ρ, i.e. for well-separated dyons, the two densities do not match very well. This mismatch can be compensated for by a trivial adjustment to the effective holonomy of a single dyon. Namely the solution for a single dyon with holonomy v should be changed to that with holonomy v + 1/d in order to match the solution in the caloron. In other words the holonomy at the dyon centre is not v, but is corrected by the asymptotic value of the other constituent of caloron and is approximately v+1/| d+ r| ≈ v+1/d. This has been noticed in the full solution [35] where it was shown that single dyon "mass" is renormalized by the presence of the other dyon. This renormalization of mass is not new and has been know for a long time for Yang-Mills+adjoint Higgs system and that it effects the classical interactions of monopoles [49] [50] [51] [52] . Fig. 5 also shows the solutions with this adjustment. Considering the crudeness of this approximation, the agreement is remarkable up to fairly small instanton size.
D. Various limits
In this section we will discuss various limits of the general caloron solution of Eq. (4.29) and (4.33,4.34). In particular, we take the trivial holonomy limit and compare it to previous work, as well as the zero temperature limit and the large separation limit, which leads to single dyons. These limits are concisely summarized in Table I. We recall that the zero mode density follows from acting with the four-dimensional Laplacian on this function, Eq. (4.33).
For the zero mode components, the corresponding Greens function simplifies tô
+ e −iπtT sinh(πrT + iµr) = 2πT rψ e −µt cos(µr) cos(πtT ) sinh(πrT ) + sin(µr) sin(πtT ) cosh(πrT ) (4.38) This agrees withf (T, T /2 − iµ/2π) because the Greens functionf (z, z ) is periodic in both arguments by construction [5] , and also because both are real using (4.32).
The projection matrices in Eq. (4.29) then add up to the unity matrix. Put together, the zero mode reads
To compare to previous work we writê
which turns the zero mode into the form given in [42] , for this case of trivial holonomy.
Instanton limit T → 0
In the zero temperature limit, calorons become instantons irrespective of the original holonomy. Indeed, all ω andω enter with T such that they disappear in this limit. From the previous trivial holonomy case we get which agrees with [40] [41] [42] . Note that, as expected, the time and space coordinate go together forming the fourdimensional radius almost everywhere apart from the µ-dependent part. The corresponding zero mode densities also contain negative region with zeroes separated again by ∆r = π/(2µ) and an increasing value at the core, ρ 00 (t = 0, r = 0; µ) ∼ (1/ρ 2 + µ 2 ) 2 .
Single dyon limit ρ → ∞
The limit of a single dyons can be obtained in the limit of large size ρ, i.e. large separation d = πρ 2 T , of the dyon constituents. While r remains finite, s is large, too,
, where θ is the angle between r and the line connecting the dyons, its appearance originates from the quasi-stringy gauge of the caloron.
The Greens function needed for the profile becomes static,f = πT r cosh(4πrTω) − cos(2µr) sinh(4πrTω) (4.44) Here, the auxiliary functions c s and s s have become exponentially large in d and suppress the time-dependence in ψ. Furthermore, c s = s s up to exponentially small corrections and these factors have canceled in all expressions. The three-dimensional Laplacian yields the profile from it via (4.33). It can be shown that this precisely equals the density Eq. (4.9) of the dyon zero mode upon identifying 4πTω =v. We remind the reader that we started with the antiperiodic zero mode for the caloron and thus arrive at the antiperiodic zero mode for a timedependent dyon. Therefore, its vev needs to bev; the transform Ω discussed in Sec. IV is a gauge transform and therefore not visible in the fermionic profile, only in the components to be discussed now. The caloron's auxiliary function
is linearly divergent in d and shows the quasi-stringy behaviour [35] : for large r the denominator would be zero on the half-line θ = 0, if there were no exponentially small deviations of the coth-term from 1. The factor ρ √ φ in the zero mode is O(d) = O(ρ 2 ). The corresponding limit of the Greens functions are
The projection matrices can be written in terms of the identity and the third Pauli matrix, such that the zero mode reads
Performing the time and spatial derivatives this gives
This is the full antiperiodic zero mode of a dyon in the quasi-stringy gauge. The explicit appearance of τ 3 and the angle θ renders it different from the hedgehog gauge representation used in Sec. IV A. These only enter Q, and Q can be shown to be proportional to a (spacedependent) SU (2) matrix U
Performing a local (and periodic) gauge transformation the zero mode in hedgehog gauge finally becomes
sin(µr) (4.53)
This solution matches the one of the time-dependent dyon discussed at the end of Sec. IV A.
V. NUMERICAL RESULTS FOR THE STAGGERED DIRAC OPERATOR IN CALORON BACKGROUNDS
In this section we will compare the caloron zero modes from the continuum to lattice zero modes of the staggered Dirac operator. The dimension of our lattices will be denoted by N x ·N y ·N z ·N t , the sites by an with a being the lattice spacing and normalized lattice vectors in the νth direction byν. All observables of dimension energy will be measured in units of temperature T = 1/β = 1/(N t a), all length scales are given in units of β.
A. Discretization of the caloron incl. smearing
The first task is to compute the lattice links U ν (an) from the continuum gauge fields of calorons. To this end we calculate gauge transporters by discretizing the path ordered exponentials,
The gauge field A ν (x) is singular at the caloron's center of mass and has large gradients on the line connecting the constituent dyons as one can see from Fig. 1 in [48] and Fig. 2 in [54] . Therefore, the number N of discretization points is adapted locally in steps of 40 until both the real and imaginary part of all matrix elements of the links U ν (an) change by less than 10 −4 (between N and 3N/2). The typical value of N is 40 except at the line which connects the dyons.
With this technique we obtain for a caloron with holonomy parameter ω = 1/4 and size parameter ρ = 3 4 β on a 24 · 24 · 36 · 8 lattice 184% of the continuum action S cont . The additional action originates from the "spatial boundary of the lattice", where onto the finite box we force the infinite volume calorons, whose gauge fields are at variance with the periodic spatial boundary conditions. To remove these artefacts we apply APE smearing [55, 56] with a parameter α AP E = 0.45. In Ref. [57] it was shown that this value provides the best matching between APE-smearing and RG-cycling. Moreover, in Ref. [24] APE smearing with this value has been applied to SU(2) Monte-Carlo gauge configurations to reveal their dyon content.
After 275 APE smearing steps the boundary artefacts are sufficiently smoothed out reaching now 1.07% of S cont . In order to have comparable results all gauge links are smeared until the lattice action reaches 1.07 S cont .
B. Staggered Dirac operator at finite chemical potential and its symmetries
We use the standard 7 staggered operator, which in our notation has the form
where η ν (n) = (−1) n1+...nν−1 is the staggered sign. At vanishing chemical potential D is anti-hermitian with purely imaginary eigenvalues as in the continuum, whereas at nonzero chemical potential the hermiticity relation Eq. (2.4) to opposite µ holds. We have implemented the chemical potential by exponential factors on all temporal links.
This operator obeys a remnant of chiral symmetry
yielding eigenvalues ±λ as in the continuum. The antiunitary symmetry, however, differs from the one of the continuum Dirac operator 8 . It reads
with τ * 2 τ 2 = −1. The staggered Dirac operator is thus in the universality class of the Gaussian symplectic ensemble (the expected transition to the continuum symmetry has been investigated in [58, 59] ). As a consequence, τ 2 ψ * is another eigenmode with eigenvalue λ * . Together with the chiral symmetry, Eq. (5.3), this yields (Kramer's) degenerate eigenvalues for vanishing chemical potential. At nonzero chemical potential the eigenvalues come in quartets {λ, −λ * , −λ, λ * } with eigenmodes {ψ, η 5 τ 2 ψ * , η 5 ψ, τ 2 ψ * }, respectively. On our smooth backgrounds an approximate four-fold degeneracy is expected from the four tastes of the staggered operator. Thus, instead of each exact continuum zero mode a low-lying quasi-zero quartet shall occur. At µ = 0 topological quasi-zero modes of the staggered operator are known to exist. The chirality is represented by the four-link operator Γ 50 , with which these modes have expectation values close to ±1, in contrast to higher modes [60] [61] [62] [63] . Both, nonzero real parts and nonzero imaginary parts of the eigenvalues could be induced by discretization and finite volume effects. They may also differ for quasi-zero eigenvalues and singular values.
On the smeared configurations we find modes separated by orders of magnitude from the rest of the spectrum (see Fig. 6 ). We investigate the profiles of these quasi-zero 7 Improvements are not necessary on our smooth backgrounds. 8 because no charge conjugation matrix is needed for the staggered operator being a scalar in spin spcae modes without further analysis of their continuum and infinite volume limit. As a side remark we state that on a 48 · 48 · 72 · 16 lattice the smallest eigenvalue of a caloron with maximal nontrivial holonomy and zero chemical potential reach zero within double precision. As the staggered operator and its eigenmodes cannot be made real as in the continuum, the argument of the reality of the zero mode profile needs to be revisited. From the computations it will turn out that the staggered quasi-zero modes have real parts vanishing to machine precision, such that the quartets practically consist of two degenerate pairs, (λ, −λ * ) and (−λ, λ * ), on the imaginary axis. If an eigenvalue λ is degenerate with −λ * the corresponding subspace is spanned by
In Appendix B we show that a particular linear combination of these modes obeys the bi-orthonormalization
and that the profile averaged over these two modes
is real. Consequently, we will compare the real profiles (5.7) to those in the continuum.
C. Results for eigenvalue spectra
On the configurations described in Sec. V A we measured 256 eigenmodes with smallest magnitude by virtue of ARPACK [64] , Armadillo [65] and the C++ Boost Libraries. As expected the eigenvalues of the staggered operator become complex when switching on the chemical potential, shown in Fig. 6 . The quasi-zero eigenvalues, however, remain basically unchanged at finite chemical potential. From that figure one further recognizes, that the other low-lying eigenvalues of the caloron are similar to generalized Matsubara frequencies. By that we mean the Dirac spectrum in free backgrounds with constant Polyakov loops of the same holonomy as the caloron
and trivial space-like links, U x = U y = U z = 1, such that the action vanishes. This background gives rise to the following staggered eigenvalues with k µ ∈ (−N µ /2, . . . , N µ /2] the wave numbers of the plane wave eigenmodes, for vanishing µ cmp. [59] . For low-lying modes, |k µ | N µ , the sines disappear and the eigenvalues follow the continuum dispersion relation.
The similarity of the caloron spectra to these generalized Matsubara frequencies 9 holds incl. nonzero chemical potential, cf. Fig. 6 . The caloron's quasi-zero modes, which are of topological origin, are of course not reflected in the Matsubara frequencies.
An interesting effect occurs in the low-lying spectrum when the boundary condition phase ϕ equals the holonomy ω, such that in the free case they compensate in one color sector (this is the case where the caloron's zero mode cannot be analytically continued since at this boundary condition it hops between the constituents). At vanishing chemical potential the free spectra then possess a zero mode for k = 0 = k t . With nonzero µ, the eigenvalue with these momenta becomes
and hence is located on the real axis. With the lowest frequency k t = 0, and nonzero k, there is a tower of states, which at µ = 0 form the low-lying modes on the imaginary axis, while at nonzero µ they become
9 A similar similarity holds for the eigenvalues of the gauge covariant Laplacian [66] . In other words, these modes stay on the real axis with magnitudes smaller than the one above and then become purely imaginary with growing magnitudes. How many of these either real or purely imaginary eigenvalues occur on the lattice depends on the aspect ratios N i /N t . Only when moving to the next frequency |k t | = 1 or to the color sector, where ω does not compensate but adds to the boundary condition, do these eigenvalues become fully complex.
The lowest staggered eigenvalues of the caloron in this case are also either real or purely imaginary, see Fig. 7 for maximally nontrivial holonomy and boundary phase ϕ = π/2 (i.e. periodicity up to a factor i). One of the caloron's real eigenvalues is again close to its free counterpart (5.10).
D. Comparison with the exact zero mode for the caloron
Having found quasi-zero modes in the staggered spectrum, we expect the corresponding eigenmodes to asymptote to the continuum zero modes of Sec. IV C. To get the eigenmodes to be bi-orthonormal, we have computed eigenmodes at µ and −µ and used the linear combinations defined in Eq. (5.7). The comparison is shown in Fig. 8 for fixed chemical potential, µ = 2.4T , while the holonomy increases from trivial to maximally nontrivial. To compare the numerical solution to the continuum one, we fix the time t and the coordinates z (along the caloron axis) and y (perpendicular to the caloron axis) as close as possible to the twisted dyon's core, on which the (antiperiodic) zero mode is localized. Our lattices are shifted such, that the caloron axis runs through the middle of a plaquette. Therefore, we choose y = t = a/2 = β/(2N t ). In order to show two-dimensional plots, we finally fix the z-coordinate. We choose that value of z, for which the numerical density ρ 00 (x; µ) (cf. Eq. (5.7)) as a function of the remaining coordinate x is maximal. The analytic density (4.33, 4.34) ) is plotted along the corresponding continuum line. For holonomies ω = 0.0, 0.125, 0.25 this amounts to shifts in z of 0.5a, 0.8a and 1.1a from the formal dyon core r = 0 towards the other dyon.
We find that the numerical densities coincide well with the continuum zero mode densities. In particular, the negative regions are confirmed by the numerical solutions (ω = 0.125, 0.25 in Fig. 8) . That for increasing holonomy the mismatch becomes stronger can be explained by considering the action densities of those calorons. For ω = 0 there is just one dyon which is far away from the boundaries of the lattice, while in the case of maximal nontrivial holonomy two separated dyons are in the same box. This means that the finite volume effects are stronger in the case of maximally nontrivial holonomy.
VI. OVERLAP MATRIX ELEMENTS
A very important quantity for building a dyon liquid model in analogy to the instanton liquid model is the overlap matrix element [14, 42] .
where ψ I , ψJ are zero modes of dyons labeled by the index I and of antidyons labeled by the indexJ, respectively. This form reflects the residual U (1) gauge freedom, as the two dyons can always be superposed in gauges differing by a quasi-abelian gauge transformation U = exp(iαω · τ ) which preserves the holonomy. This replaces the general SU (2) relative gauge transformation in the case of the instanton anti-instanton overlap matrix element (see [14] ).
Our formulas Eq. (4.30) apply only for the case that holonomy is chosen along the line that connects two constituent dyons, and that this line is chosen along the zdirection. This also applies to the single dyon limit of the previous subsection. It is easy to generalize this expression to the arbitrary direction of the Dirac string -dashed) . Note that the behavior is similar to that of the behavior of two spatially separated instantons (see Fig. 1 in [14] )
where now θ 1,2 are the angles between r, s and the Dirac strings 10ŝ 1,2 respectively (see Fig. 10 ). Note that we superpose in the algebraic gauge in which A 0 → 0 away from the dyons, cf. Sec. IV B 1. The dyons in question are those that carry the anti-periodic zero modes (the "heavy" ones), although the same procedure can easily be adapted to the case of dyons carrying the periodic zero modes.
However, the above solutions assume holonomies in the directionsŝ 1 and −ŝ 2 for the dyon and antidyon. To 10 Note that because for a selfdual field Aµ(t, x), we have that Aµ(t, x) = (A 0 (t, − x), − A(t, − x)) is anti-selfdual. That means that if / D(A)ψ = 0 then / D(Ã)γ 0 ψ(t, − x) = 0, so one can construct an antidyon (anti-caloron) zero mode solution from the dyon (caloron) zero mode solution by flipping x → − x and multiplying by γ 0 . Note that when we construct the antidyon zero mode in this way we also have to flip the direction of the Dirac string.
compensate that we define rotation matrices
4) 5) whereω is an arbitrary unit vector parametrizing the final direction of the Polyakov loop in color space (which without loss of generality can be chosen in the third direction). So what we need to compute for the overlap matrix element is
I (x; −µ) U † 2 U U 1 (−i / ∂ + iµγ 0 )ψJ (x; µ) (6.6) where U = exp(iαω· τ ) is the relative quasi-abelian gauge transformation between the dyons mentioned already at the beginning of this section. Note that for instanton a relative SU (2) gauge transformation was relevant. Here the relative quasi-abelian gauge transformation is relevant, while the rest of the subgroup SU (2)/U (1) reduces to the orientation of the strings (i.e. angles between strings and holonomy).
We leave the problem of the hopping element of a caloron in full generality for future work, but here to illustrate the qualitative behaviour let us take a simple configuration of the dyon-antidyon system with their strings lying on the z-axis, and pointing away from each other.
Writing the overlap matrix element
it is not very difficult to see that T
IJ
= 0, at µ = 0. This happens simply because of the index structure of the above expressions, resulting, upon index contraction, in vanishing contribution. For µ = 0 this is no longer the case, as there is an additional term proportional to τ 3 in the expression for the zero mode (see Eq. (4.49)). In Fig.  9 and 11 we show the results of numerical integration of the overlap matrix element as a function of distance between the dyon and anti-dyon. Because of exponential localizations, the most dominant contribution to the overlap matrix at large distance would naively come from the two regions where the zero modes are localised. However since they decay exponentially, along the line connecting the dyon and antidyon, there is a significant contribution in this region, turning the asymptotic behavior into exponential ∼ exp(−vd/2) (with no algebraic factors).
VII. SUMMARY
We have analyzed zero modes at nonzero chemical potential in topological backgrounds. Starting with nontrivial holonomy calorons, for which we have analytically continued known zero modes from imaginary chemical potential (i.e. phase boundary conditions in the temporal direction), we have derived the zero modes for trivial holonomy calorons and instantons known in the literature as well as for dyons, for which a spherical ansatz was explored, too. All of these procedures have a direct generalization from SU(2) considered here to SU(N). Zero modes present at µ = 0 due to index theorems remain at nonzero µ.
The most prominent features of these zero modes are higher values at their centers and negative regions in their (pseudo-)density. In dyon backgrounds the former increases asymptotically like µ 4 , while the distance between the zeros between regions of different sign is proportional to 1/µ. The envelop of the decay is to leading order independent of µ.
On lattice-discretized calorons we have found completely analogous quasi-zero modes for the staggered Dirac operator. For the latter this means that although exact chiral symmetry is lacking, the topological part of the continuous spectrum on such smooth backgrounds is well-reflected (in eigenmode quartets) also at nonzero chemical potentials. Therefore, this numerically cheap operator could be sufficient for the analysis of ensembles of topological ensembles (or realistic lattice Monte Carlo configurations) at nonzero density.
The overlap matrix elements of such zero modes are a key ingredient to the interaction of such topological objects. As we have demonstrated by virtue of numerical integration, the exponential decay of the overlap matrix elements with the distance are the same as for zero µ, but their alternating behavior will cause an additional wash-out effect similar to that of instantons [14] . We also showed that a term in the overlap matrix element appears, that is related to the relative abelian orientation of the dyons and that vanished at µ = 0. More consequences of the overlap matrix elements at nonzero chemical potential are left for future studies.
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